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Dear Participant,

welcome to the 33rd Workshop Cycles and Colourings. Except for the first work-
shop in the Slovak Paradise (Cingov 1992), the 29th one in Kosice (2021), and the
32nd one in Poprad (2024), the remaining twenty nine workshops took place in
the High Tatras (Novy Smokovec 1993, Stara Lesnd 1994-2003, Tatransks Strba
20042010, Novy Smokovec 2011-2019 and 2022-2023).

The workshop is organized by (current and former members of) the graph theory
group of Institute of Mathematics, P.J. Safarik University in Kosice. It was cre-
ated as a joint project and the first 30 series of C&C workshops were organized
by graph theory groups of Kosice and Ilmenau. Apart of dozens of excellent
invited lectures and hundreds of contributed talks, the scientific outcome of our
meetings is represented also by special issues of journals Tatra Mountains Math-
ematical Publications and Discrete Mathematics (TMMP 1994, 1997, DM 1999,
2001, 2003, 2006, 2008, 2013).

The scientific programme of the workshop consists of 50 minute lectures of invited
speakers and of 20 minute contributed talks. This booklet contains abstracts as
were sent to us by the authors.

Invited speakers:

Ilkyoo Choi Hankuk University of Foreign Studies,
Yongin-si, Republic of Korea

Hanna Furmanczyk  University of Gdansk,
Gdansk, Poland

Penny E. Haxell University of Waterloo,
Waterloo, Canada

Balazs Keszegh Alfréd Rényi Institute of Mathematics,
Budapest, Hungary

Torsten Miitze University of Kassel,
Kassel, Germany

Robert Sdmal Charles University,

Prague, Czech Republic

Have a pleasant and successful meeting.

Organising Committee:

Igor Fabrici
Frantisek Kardos
Maéria Macekova
Tomas Madaras
Alfréd Onderko

Roman Soték



Programme

Sunday
16:00 - 22:00 | Registration
18:00 - 21:00 | Dinner
Monday
07:00 - 09:00 | Breakfast
09:00 - 09:50 | Haxell Graphs with high chromatic number
09:55 - 10:15 | Bujtas S-packing chromatic critical graphs
10:20 - 10:40 | Bester Storgel | On tree-chromatic number and related notions

10:45 - 11:15 | Coffee break

11:15 - 11:35 | Jendrol’ On a 3-coloring of plane graphs

11:40 - 12:00 | Masaiik Proper rainbow saturation numbers for cycles
12:05 - 12:25 | Problem session

12:30 - 14:00 | Lunch

15:00 - 15:50 | Keszegh Coloring geometric hypergraphs

15:55 - 16:15 | Blazsik Small diameter covers

16:20 - 16:50 | Coffee break

16:50 - 17:10 | Mazak Circular chromatic index of graphs with A € {4,5,6}
17:15 - 17:35 | Renders HIST-critical graphs and Malkevitch’s conjecture
17:40 - 18:00 | Onderko Totally locally irregular colorings of graphs

19:00 - Welcome party




Tuesday

07:00 - 09:00 Breakfast
09:00 - 09:50 Miitze Counterexamples to two conjectures on Venn diagrams
09:55 - 10:15 Skoviera Are there any permutation snarks of order 6 (mod 8)?
10:20 - 10:40 Ma3ééajova Rich nowhere-zero flows
10:45 - 11:15 Coffee break
11:15 - 11:35 Dvorak A strengthening of Alon-Tarsi method
11:40 - 12:00 Przybytlo On colourings and Alon-Tarsi number of hypergraphs
12:05 - 12:25 Problem & Photo session
12:30 - 14:00 Lunch
15:00 - 15:50 Samal Random embeddings of graphs
15:55 - 16:15 Miksanik On a refinement of the list chromatic index
16:20 - 16:50 Coffee break
16:50 - 17:10 | A | Svecova Defective vertex coloring of toroidal graphs
B | Kamyczura Majority additive coloring
17:15 - 17:35 | A | Matok (Mostly) total colouring of (sub)cubic Halin graphs
B | Pekala List extensions of majority edge colourings
17:40 - 18:00 | A | Van den Eede | Computational methods for finding bi-regular cages
B | Dettlaff Common independence in graphs
18:05 - 18:25 | A | Knor On the number of paths in a graph
B
18:30 - 20:00 Dinner
Wednesday
06:30 - 09:00 | Breakfast
07:00 - 17:30 | Trip
13:00 - 15:00 | Lunch
18:00 - 20:00 | Dinner




Thursday

07:00 - 09:00 | Breakfast

09:00 - 09:50 | Furmanczyk | b-coloring of regular graphs

09:55 - 10:15 | Tuza Nordhaus-Gaddum-type theorems for many subgraphs:
Maximum average degree and more

10:20 - 10:40 | Barat Rainbow connecting coloring of Dirac graphs

10:45 - 11:15 | Coffee break

11:15 - 11:35 | Schiermeyer | 3-colourability, diamonds and butterflies

11:40 - 12:00 | Kalinowski | The distinguishing chromatic number in hereditary graph
classes

12:05 - 12:25 | Masaiikova | Constricting the computational complexity gap of the
4-coloring problem in (P;, C3)-free graphs

12:30 - 14:00 | Lunch

15:00 - 15:50 | Choi An improved lower bound on the number of edges in list
critical graphs via DP coloring

15:55 - 16:15 | Provoost On a conjecture of Faudree and Schelp

16:20 - 16:50 | Coffee break

16:50 - 17:10 | Mattiolo Sets of r-graphs that color all r-graphs

17:15 - 17:35 | Rajnik Generation of uniquely 3-edge-colourable graphs

17:40 - 18:00 | Ulyanov Oriented Berge—Fulkerson conjecture and unit vector flows
on S?

19:00 - Farewell party

Friday
07:00 - 09:00 | Breakfast
09:00 - 09:20 | Cichacz On the conjecture of group antimagic trees
09:25 - 09:45 | Hedzet Induced matching vs edge open packing: trees and prod-
uct graphs
09:50 - 10:10 | Samadi Independent mutual-visibility coloring
10:15 - 10:35 | Grzelec On weak homogeneous colorings
10:40 - 11:10 | Coffee break
11:10 - 11:30 | Oguagbaka | Edge-uncoverability of cubic graphs
11:35 - 11:55 | Rehulka Cyclic edge-connectivity of junctions of multipoles
11:45 - 14:00 | Lunch




Rainbow connecting coloring of Dirac graphs

Janos Barat

(joint work with Simona Boyadzhiyska)

An edge-colored graph G is rainbow connected if every two vertices of G are
connected by a rainbow path (that is a path with all its edges colored with
different colors) [2, 3]. The minimum number of colors required so that the
colored graph is rainbow connected, is called the rainbow connection number,
and it is denoted by rc(G). At last year’s meeting, Gena Hahn advertised the
following [1].

Problem Does there exist a constant ¢ > 0 such that if G is a non-complete graph
of order n with 6(G) > § + ¢, then rc(G) = 27 In particular, does §(G) > 5
imply that rc(G) = 27

We concentrate on r¢(G) = 2, and call the corresponding coloring an rc2-coloring.
Gimbel noticed that the complete bipartite graph K 22 admits a simple rc2-
coloring, where one color class is a perfect matching. Several other examples
showed that possibly one color class is a forest or has very few edges. We posed
and answered the following natural questions:

e Does every graph G that admits an rc2-coloring have one in which one color
class has at most n/2 edges?

e What is the smallest function f(n) such that every graph G that admits an
rc2-coloring have one in which one color class has at most f(n) - n edges?
Can f(n) be a constant?

e Does every graph G that admits an rc2-coloring have one in which one color
class is a forest?

e [s it true that every graph in which every pair of non-adjacent vertices has
at least 2 common neighbors has an rc2-coloring?

e [sit true that every graph G in which every pair u, v of non-adjacent vertices
satisfies deg(u) + deg(v) > n — 1 has an rc2-coloring?

REFERENCES

[1] J. Barat, S. Cambie, G. Hahn, D. Mattiolo, A. Onderko, I. Schiermeyer,
Zs. Tuza, Open problems of the 32nd Workshop on Cycles and Colourings,
arXiv: 2411.10046 (2024).

[2] Y. Caro, A. Lev, Y. Roddity, Z. Tuza, R. Yuster, On rainbow connection,
Electron. J. Comb. 15 (2008), #R57.

[3] G. Chartrand, Highly irregular, In: R. Gera, T.W. Heynes, S.T. Hedetniemi
(eds.), Graph Theory: Favorite Conjectures and Open Problems-1, Springer,
2016, 1-16.

[4] J. Gimbel, A conjecture on rainbow connectivity, ITI Series, Charles Univer-
sity, 687 (2024).



On tree-chromatic number and related notions

Kenny Bester Storgel

The notion of tree-chromatic number was introduced in 2016 by Seymour [2] as a
chromatic variant of treewidth, where the cost of a bag in a tree decomposition is
measured by its chromatic number rather than its size. Formally, a graph G has
tree-chromatic number at most k if it admits a tree decomposition 7 such that
every bag of 7 induces a subgraph with chromatic number at most k. Since its
introduction, the tree-chromatic number has not yet been examined extensively.

In recent years another similar concept gained the attention of many researchers.
Namely, the tree-independence number, introduced independently by Yolov [3]
in 2018 and Dallard, Milani¢, and Storgel [1] in 2024. The tree-independence
number is an independence variant of treewidth. Formally, a graph G has tree-
independence number at most k if it admits a tree decomposition 7 such that
every bag of T induces a subgraph with independence number at most k.

In [1] the authors asked if treewidth of a graph (plus one) can always be upper
bounded by the product of its tree-chromatic number and its tree-independence
number, supporting the question by showing that the inequality holds in the class
of perfect graphs. Although this question was recently answered in the negative
by Krause in his Master’s Thesis (in 2024), a question remains of identifying
for which graphs the inequality holds. In this talk, we will give an overview of
known properties of the tree-chromatic and establish its relation with the tree-
independence number and some other invariants.

REFERENCES

[1] C. Dallard, M. Milani¢, K. Storgel, Treewidth versus clique number. II. Tree-
independence number, J. Combin. Theory Ser. B 164 (2024), 404-442.

[2] P. Seymour, Tree-chromatic number, J. Combin. Theory Ser. B 116 (2016),
229-237.

[3] N. Yolov, Minor-matching hypertree width, Proc. SODA 2018, 219-233.

Small diameter covers

Zoltan L. Blazsik
(joint work with Recep Altar Cigeksiz, Baldzs Keszegh, and Laurentiu Ploscaru)

In the last 5 years, a lot of interest was shown in bounded diameter variations of
Ryser’s conjecture. The famous conjecture asserts the existence of a vertex cover
of (r — 1)ae monochromatic connected components for every graph G(V, E) with
independence number a(G) = « and for every r-edge-coloring of G. Milicevié
initiated the question whether the diameters of the covering components can be

bounded.



Very recently Gyarfas and Sarkozy [1] proved for a = 2 there always exist 2
monochromatic connected components with diameter at most 4 covering the ver-
tex set for any 2-edge-coloring. They also proposed another version, namely if the
diameter of the monochromatic connected components are bounded from above
by d, for some fixed d, then how many of them is needed to cover the vertex set
for any 2-edge-coloring? They proved that |3a/2] many components are always
enough for d = 4.

On the other hand, DeBiasio, Girao, Haxell and Stein [2] proved that for any
2-edge-coloring of G(V, F) there always exist v many monochromatic connected
components covering V' such that the diameters of these components are at most
8a? + 12a + 6.

In this talk, I would like to connect these two results by showing that if it is

allowed to use monochromatic connected components of diameter at most d(a),
306 . .

then o + N many of them is enough to cover V for any 2-edge-coloring.

REFERENCES

[1] A. Gyarfas, G.N. Sarkozy, Bounded diameter variations of Ryser’s conjecture,
arXiv:2505.02564 (2025).

[2] L. DeBiasio, A. Girao, P. Haxell, M. Stein, A bounded diameter strengthening
of Ké6nig’s theorem, STAM J. Discrete Math. 39 (2025), 24M1701022.

S-packing chromatic critical graphs

Csilla Bujtas

(joint work with Giilnaz Boruzanh Ekinci, Didem Goziipek, and Sandi Klavzar)

For a non-decreasing sequence of positive integers S = (s1, so, . . .), the S-packing
chromatic number of a graph G is denoted by xs(G). This talk is based on [1],
where yg-critical graphs are introduced as the graphs G such that xs(H) < xs(G)
for each proper subgraph H of GG. Several families of yg-critical graphs are con-
structed, and 2- and 3-colorable yg-critical graphs are presented for all packing
sequences S, while 4-colorable yg-critical graphs are found for most of S. Cycles
which are yg-critical are characterized under different conditions. It is proved that
for every graph G and every edge e € E(G), the inequality xs(G —e) > xs(G)/2
holds. Moreover, in several important cases, this bound can be improved to
Xs(G —e€) > (xs(G) 4+ 1)/2. The sharpness of the bounds is also discussed.

REFERENCES

[1] G. Boruzanh Ekinci, Cs. Bujtés, D. Goziipek, S. Klavzar, S-packing chromatic
critical graphs, arXiv:2505.17369 (2025).



An improved lower bound on the number
of edges in list critical graphs via DP coloring

Ilkyoo Choi
(joint work with Peter Bradshaw, Alexandr V. Kostochka, and Jingwei Xu)

A graph G is (list, DP) k-critical if the (list, DP) chromatic number is k but
for every proper subgraph G’ of G, the (list, DP) chromatic number of G’ is
less than k. For k > 4, we show a bound on the minimum number of edges
in a DP k-critical graph, and our bound is the first bound that is asymptoti-
cally better than the corresponding bound for proper k-critical graphs by Gallai
from 1963. Our result also improves the best bound on the list chromatic number.

On the conjecture of group antimagic trees

Sylwia Cichacz

Kaplan, Lev and Roditty considered the following generalization of the concept
of an antimagic graph.

Let (I', +) be an Abelian group (not necessarily finite) and A be a finite subset
of ' = T'\ {0} with |A| = |E(G)|. An A-labeling of G = (V, F) is a one-to-one
mapping f: E(G) — A. The weight of every vertex is calculated as the sum
(taken in I') of the labels of incident edges. We say that G is A-antimagic if all
the weights differ.

Let I'* = I\ {0}. Kaplan, Lev, and Roditty conjectured that a tree with |I'|
vertices is I™*-antimagic if and only if the number of involutions in I' is not one.
In this talk, we show that the conjecture is not true. Moreover, we prove that
paths Pr| are '-antimagic if and only if [T'| # 2 (mod 4).

Common independence in graphs

Magda Dettlaff
(joint work with Magdalena Lemariska and Jerzy Topp)

The cardinality of a largest independent set of GG, denoted by «(G), is called the
independence number of G. The independent domination number i(G) of a graph
G is the cardinality of a smallest independent dominating set of G. The graphs
G for which we have i(G) = «(G) are known as well-covered graphs. In other
words, a graph G is well-covered if every maximal independent set of vertices
in GG is also a largest independent set. The concept of well-covered graphs was
introduced by Plummer [2] and extensively studied in many papers.



Now, between the integers i(G) and a(G), we insert another integer concerning
the existence and cardinality of independent sets in GG. Formally, in [1] we in-
troduce the concept of the common independence number of a graph G, denoted
by a.(G), as the greatest integer r such that every vertex of G belongs to some
independent subset X of Vi with |X| > r. Thus, the common independence
number of a graph G refers to numbers of mutually independent vertices of G
and it emphasizes the notion of the individual independence of a vertex of G from
other vertices of G. The common independence number a.(G) of G is the limit
of symmetry in G with respect to the fact that each vertex of GG belongs to an
independent set of cardinality a.(G) in G, and there are vertices in G that do
not belong to any larger independent set in G.

It follows immediately from the above definitions that i(G) < a.(G) < a(G) for
any graph G. We focus on the family of graphs G with equalities: i(G) = a.(G)
or a.(G) = a(G), in particular in [1] we characterize the trees T' for which
i(T) = a.(T), and the block graphs G for which a.(G) = «(G). Obviously the
family well-covered graphs is a proper subfamily of both considered families.

REFERENCES

[1] M. Dettlaff, M. Lemanska, J. Topp, Common independence in graphs, Sym-
metry 13 (2021), 1411.

[2] M.D. Plummer, Some covering concepts in graphs, J. Combin. Theory 8
(1970), 91-98.

A strengthening of Alon-Tarsi method

Zdenék Dvorak

A well-known result of Alon and Tarsi states that if the coefficient of the mono-
mial HveV(G) x% in the graph polynomial of a graph G is non-zero, then G is
L-colorable for any list assignment L such that |L(v)| > d, for every v € V(G).
This provided an algebraic way to show that a graph is list-colorable. A downside
is that if the relevant coefficients are zero, this does not tell us anything about the
list colorability of the graph. In my talk, I describe a strengthening of this result
which uses further coefficients of the graph polynomial to restrict the list assign-
ments L for which G is not L-colorable, potentially showing the L-colorability
even in the cases where the original method fails.



b-coloring of regular graphs

Hanna Furmanczyk

(joint work with Magda Dettlaff, Iztok Peterin,
Adriana Roux, and Radostaw Ziemann)

Let G be a graph and ¢ : V(G) — {1,...,k} a proper k-coloring of G, i.e.,
c(u) # c(v) for every edge uv from G. A proper k-coloring is a b-coloring if
there exists a vertex in every color class that contains all the colors in its closed
neighborhood. The maximum number of colors k& admitting b-coloring of G is
the b-chromatic number x;,(G).

We present two separate approaches to the conjecture posed by Blidia et. al [1]
that x,(G) = d + 1 for every d-regular graph of girth at least five except the
Petersen graph.

The main conjecture for d-regular graphs was posed by Blidia et al. [1].

Conjecture 1 ([1]) Every d-regular graph of girth at least 5, different than Pe-
tersen graph, has a b-coloring with d + 1 colors.

We are attacking the above mentioned conjecture by two different approaches.
First we deal with the case when there exists a vertex x that does not belong to
too many six cycles which have all vertices on a distance at most two from x. In
particular, we prove Conjecture 1 when there is such a vertex with at most five
mentioned six cycles.

Theorem 1 ([2]) Let G be a d-regular graph, d > 7, with g(G) = 5. If there
exists a vertex in G that belongs to no cycle Cg, then x,(G) = d + 1.

Theorem 2 ([2]) Let G be a d-regular graph, d > 7, with g(G) = 5. If there
exists a vertex x in G contained in at most 5 cycles Cg in G[Na[z]], then x»(G) =
d+1.

The second approach assumes that all the neighbors of two neighbors of = are at
distance at most two to x. With this we add a new brick to the confirmation of
Conjecture 1.

Theorem 3 ([2]) Let G be a d-regular graph, d > 7, of the girth 5. If there
exists a verter x in V(G) with at least two bunches where all the neighbors of
vertices in a bunch are in No(x), then xp(G) =d+ 1.

REFERENCES

[1] M. Blidia, F. Maffray, Z. Zemir, On b-colorings in regular graphs, Discrete
Appl. Math. 157 (2009), 1787-1793.

[2] M. Dettlaff, H. Furmanczyk, I. Peterin, A. Roux, R. Ziemann, A new approach
to b-coloring of regular graphs, Appl. Math. Comput. 481 (2024), 128914.
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On weak homogeneous colorings

Igor Grzelec
(joint work with Tom&s Madaras and Alfréd Onderko)

We say that vertex k-coloring of a graph G (not necessarily proper) is weak [-
homogeneous if the number of colors in the neighborhood of each vertex of G
equals [. After short introduction about proper vertex k-colorings of graphs that
are I-homogeneous introduced by Tomas Madaras and Méria Surimové in [1] we
present weak [-homogeneous colorings and other closely related problems that
provide results on them, among others concept of total domatic number and
R6-coloring. Then we provide Integer Linear Programming formulation of the
problem of finding weak [-homogeneous coloring of a graph. We also present the
computational complexity of the problem of deciding whether given graph has
[-homogeneous k-coloring. We also introduce some results about 2-homogeneous
colorings of different families of sparse graphs. At the end we show some exam-
ples of graphs that do not have [-homogeneous colorings for any [ > 2.

REFERENCES

[1] T. Madaras, M. Surimové, Homogeneous colourings of graphs, Math. Bohem.
148 (2023), 105-115.

Graphs with high chromatic number

Penny E. Haxell

The classical theorem of Brooks tells us that if a graph G has no colouring with its
maximum degree A > 3 colours, then it contains a clique with A+1 vertices. Does
a similar phenomenon occur when the chromatic number is slightly smaller than
A? Even the next case is unknown: in 1977, Borodin and Kostochka famously
conjectured that if A > 9 and G has no (A — 1)-colouring then it contains a
A(G)-clique.

We discuss various results and questions around this conjecture, as well as a re-
lated conjecture of Reed that seeks to quantify more generally how large a clique
a graph should contain if its chromatic number is close to its maximum degree.
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Induced matching vs edge open packing:
trees and product graphs

Jaka Hedzet

(joint work with Bostjan Bresar, Tanja Dravec, and Babak Samadi)

Given a graph G, the maximum size of an induced subgraph of G each component
of which is a star is called the edge open packing number, p2(G), of G. Similarly,
the maximum size of an induced subgraph of G each component of which is the
star K, is the induced matching number, v;(G), of G. While the inequality
p2(G) > vi(G) clearly holds for all graphs G, we provide a structural charac-
terization of those trees that attain the equality. We prove that the induced
matching number of the lexicographic product G o H of arbitrary two graphs
G and H equals a(G)v;(H). By similar techniques, we prove sharp lower and
upper bounds on the edge open packing number of the lexicographic product of
graphs, which in particular lead to NP-hardness results in triangular graphs for
both invariants studied in this paper. For the direct product G x H of two graphs
we provide lower bounds on v (G x H) and p?(G x H), both of which are widely
sharp. We also present sharp lower bounds for both invariants in the Cartesian
and the strong product of two graphs. Finally, we consider the edge open packing
number in hypercubes establishing the exact values of p°(Q,,) when n is a power
of 2, and present a closed formula for the induced matching number of the rooted
product of arbitrary two graphs over an arbitrary root vertex.

On a 3-coloring of plane graphs

Stanislav Jendrol’

A facial path in a plane graph G is a subpath of the boundary walk of a face
of G. The Four Color Theorem states that every plane graph contains a proper
vertex 4-coloring in which each monochromatic path consists of exactly one ver-
tex. Cgzap, Fabrici, and Jendrol’ in 2021 conjectured that every plane graph G
admits an improper vertex 3-coloring in which every monochromatic facial path
in G has at most two vertices. In this talk we prove this conjecture. Our result
is optimal.

REFERENCES

[1] J. Czap, 1. Fabrici, S. Jendrol’, Colorings of plane graphs without long mono-
chromatic facial paths, Discuss. Math. Graph Theory 41 (2021), 801-808.

12



The distinguishing chromatic number
in hereditary graph classes

Rafal Kalinowski
(joint work with Christoph Brause, Monika Pil$niak, and Ingo Schiermeyer)

The distinguishing chromatic number of a graph G, denoted xp(G), is the mini-
mum number of colours in a proper vertex colouring of G that is preserved by the
identity automorphism only. This concept was introduced by Collins and Trenk,
who proved that xp(G) < 2A(G) for any connected graph G, and the equality
holds only for complete balanced bipartite graphs K, , and for Cs. We show that
the upper bound on xp(G) can be substantially reduced if we forbid some small
graphs as induced subgraphs of GG, that is, we study the distinguishing chromatic
number in some hereditary graph classes.

Majority additive coloring
Mateusz Kamyczura

Majority additive coloring is a type of coloring where each vertex is assigned a
number, and the sum of its neighbors’ numbers, called the neighbor sum, is then
computed. For the coloring to be valid, in the neighborhood of each vertex, at
most half of its neighbors can share the same neighbor sum. Therefore, majority
additive coloring is a combination of two known problems: additive coloring and
majority coloring. The majority additive chromatic number, denoted by X mac(G),
is the smallest number of colors required to achieve a majority additive coloring
of G. We present several results regarding .. for different types of graphs. For
complete graphs and cycles, we have determined the exact value of the parameter,
while for trees, we have found a tight upper bound. The main result of this work
shows that for graphs with girth greater than 5, a sufficiently large maximum
degree, and a minimum degree close to the maximum degree, it is sufficient to
use only the numbers 1 and 2.

Coloring geometric hypergraphs
Balazs Keszegh

A proper coloring of the vertices of a hypergraph is a coloring such that every
hyperedge of size at least 2 is not monochromatic.

Given a set of points S and a family of regions F in the plane, we can define
the geometric hypergraph H(S, F), whose vertex set is S and its hyperedges are
those subsets of S that can be obtained as S N F' for some F € F.
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Pach asked in 1980 if an m-fold covering of the plane with translates of a convex
region can be always decomposed into two 1-fold coverings for large enough m.
This motivated the following problem.

Given a geometric hypergraph H defined by some type of family of regions, what
is the smallest m such that the hypergraph H,, formed by the hyperedges of H
of size at least m is always two-colorable? If F is a finite subfamily of a given
nice family then can we bound m by a constant that depends only on the nice
family and not on the specific subfamily? The same problems for the dual of a
geometric hypergraph are similarly relevant.

We survey the most important results and recent directions of this area, concen-
trating on results when F is a family of (pseudo)disks, (pseudo)halfplanes, unit
disks, translates of a convex region, homothets of a convex region.

For a collection of results of this area see the interactive database maintained by
the speaker and Domotor Pélvolgyi (https://coge.elte.hu/cogezoo.html).

On the number of paths in a graph

Martin Knor
(joint work with Jelena Sedlar, Riste Skrekovski, and Yu Yang)

We count the number of (not necessarily induced) paths in a graph. Extremal
values of this invariant are determined for connected graphs. Then we consider
two classes of graphs.

In the class of cacti on n vertices with k cycles, C'(n, k), we show that the graph
minimizing the Wiener index is among the graphs with the minimum number
of paths. But the graph from C(n, k) which maximizes the number of paths is
different from the graph which maximizes the Wiener index. Here we recall that
in C(n, k), the graph which maximizes the Wiener index is exactly the graph
which minimizes the subtree number and vice versa.

The second class of graphs is the sequence of cycles, where consecutive cycles
share exactly one edge and the maximum degree is 3. This class covers the lad-
der graph as well as hexagonal chains. We calculate the exact formula for the
number of paths in these graphs and determine the extremal graphs if the sizes
of cycles are given.
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Rich nowhere-zero flows

Edita Macajova

(joint work with Karolina Pisonova)

A graph admits a nowhere-zero k-flow if its edges can be oriented and assigned
values the set {1,2,...,k — 1} in such a way that, at every vertex, the sum of
the incoming values equals the sum of the outgoing values. The concept of a
nowhere-zero flow is one of the most important concepts in graph theory and has
been studied for more than half a century.

In this talk, we introduce — for cubic graphs — the notion of a rich nowhere-zero
k-flow: one where the three values at every vertex are pairwise distinct. We
conjecture that a cubic graph admits a nowhere-zero k-flow if and only if it ad-
mits a rich nowhere-zero (k + 1)-flow. We prove the this conjecture for k = 3
and k = 4, that is, for bipartite and 3-edge-colourable cubic graphs, respectively.
Furthermore, we show that every bridgeless cubic graph admits a rich nowhere-
zero 11-flow and conjecture 6 in place of 11 will do.

Proper rainbow saturation numbers for cycles

Tomas Masarik

(joint work with Anastasia Halfpap and Bernard Lidicky)

We say that an edge-coloring of a graph G is proper if every pair of incident
edges receive distinct colors, and is rainbow if no two edges of GG receive the same
color. Furthermore, given a fixed graph F', we say that G is (proper) rainbow
F-saturated if G admits a proper edge-coloring which does not contain any rain-
bow subgraph isomorphic to F, but the addition of any edge to G makes such
an edge-coloring impossible. The maximum number of edges in a (proper) rain-
bow F-saturated graph is the rainbow Turan number, whose study was initiated
in 2007 by Keevash, Mubayi, Sudakov, and Verstraéte [2]. Recently, Bushaw,
Johnston, and Rombach [1] introduced study of a corresponding saturation prob-
lem, asking for the minimum number of edges in a (proper) rainbow F-saturated
graph. We term this minimum the proper rainbow saturation number of F, de-
noted sat*(n, F'). We asymptotically determine sat*(n, C,), answering a question
of [1]. We also exhibit constructions which establish upper bounds for sat*(n, Cs)
and sat*(n, Cs).
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Constricting the computational complexity gap
of the 4-coloring problem in (P;, Cs)-free graphs

Jana Masaiikova
(joint work with Justyna Jaworska, Barttomiej Kielak, and Tomas Masaiik)

The k-coloring problem on hereditary graph classes has been a deeply-researched
problem in the last decade. A hereditary graph class is characterized by a (pos-
sibly infinite) list of minimal forbidden induced subgraphs. We denote a graph
(Hy, Ho, .. .)-free if it does not contain any of Hy, Hs, ... graphs as induced sub-
graphs. The complexity landscape of the problem remains unclear even when
restricting to case k = 4 for classes defined by a few forbidden induced sub-
graphs. While the case of only one forbidden induced subgraph has been com-
pletely resolved recently, the complexity when two forbidden induced subgraphs
are considered still has a couple of unknown cases. In particular, 4-coloring on
(Ps, C3)-free graphs is polynomial while it is NP-hard on ( Py, C3)-free graphs.

We provide a construction showing NP-completeness of (F;, Cs)-free graphs for
19 < ¢t < 21 and thus constricting the gap of cases whose complexity remains
unknown. Our construction is partly based on computer search that allows us to
analyze the structure of induced paths in parts of our gadgets.

(Mostly) total colouring
of (sub)cubic Halin graphs

Matus Matok
(joint work with Frantisek Kardos)

A Halin graph is a planar graph consisting of a tree and an additional cycle
connecting all the leaves in such manner that no two edges are crossing. We will
be interested in (sub)cubic Halin graphs.

Total colouring of a graph is a mapping from the set of vertices and edges to a
set of colours such that no two neighbouring objects receive the same colour. We
will be (mostly) talking about total colouring, but we will also briefly mention
two very related colourings, namely AVD-colouring and SND-colouring.

As there were only 3 known cubic Halin graphs with total chromatic index greater
than 4, a natural open question was informally posed by Borut Luzar on whether
the number of such graphs is finite.

We managed to prove that the set of cubic Halin graphs with total chromatic
index greater than 4 is finite, containing only the cubic Halin graphs known
before-hand. By a slight modification of our approach, we managed to establish
similar results for total and AVD-colouring of subcubic Halin graphs. Lastly, we
observed that the set of subcubic Halin graphs with SND-chromatic index greater
than 4 is infinite and its precise characterisation is currently a work in progress.
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Sets of r-graphs that color all r-graphs

Davide Mattiolo
(joint work with Yulai Ma, Eckhard Steffen, and Isaak H. Wolf)

An r-regular graph is an r-graph if every odd set of vertices is connected to its
complement by at least r edges. Let G and H be r-graphs. An H-coloring of GG is
amapping f: E(G) — E(H) such that each r adjacent edges of G are mapped to
r adjacent edges of H. For every r > 3, let H, be an inclusion-wise minimal set
of connected r-graphs, such that for every connected r-graph G there is H € H,
which colors GG. The Petersen Coloring Conjecture states that H3 consists of the
Petersen graph P. We show that if true, then this is a very exclusive situation.
Our main result is that either Hz = { P} or H3 is an infinite set and if » > 4, then
‘H, is an infinite set. In particular, for all » > 3, H, is unique and we characterize
it by showing that G € H, if and only if the only connected r-graph coloring G
is G itself.

Circular chromatic index of graphs
with A € {4,5,6}

Jan Mazak
(joint work with Filip Zrubdk)

According to the Vizing theorem, circular chromatic index x/, of a simple graph
with maximum degree A is a fraction from the interval [A, A + 1]. Each fraction
from the subinterval [A, A + 1/6] is attained, yet it was conjectured that there
is a subinterval [A 4+ 1 — 0, A 4 1] for some § > 0 such that no graph has Y/,
in this subinterval (it is proved for A < 3). We provide computational results
for A € {4,5,6} and discuss possible relationships between 6 and A, trying to
make the above-given conjecture more precise (and refuting certain variants of it
appearing in the literature).

Apart from A-regular graphs, we also explore graphs and multigraphs with max-
imum degree A. Some of the found graphs with specific values of x’. can be gen-
eralized into infinite classes. We also describe an infinite family of 4-connected
4-regular graphs with x/, =4+ 1/2.

On a refinement of the list chromatic index

David Miksanik
(joint work with Ross Kang)

In our talk, graphs are allowed to have parallel edges but not loops. Furthermore,
graphs with no parallel edges are called simple. The famous List Coloring Con-
jecture from the 1970s states that, for any graph G, the chromatic index x/'(G)
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of G equals the list chromatic index x;(G) of G. The conjecture is known to
hold asymptotically: Jeff Kahn in 1996 proved that x}(G) = (1 + o(1))x'(G),
where o(1) is a term that goes to zero as A(G) goes to infinity [1]. Simpler proofs
of this result are known for simple graphs (see e.g. [2] or [3, Chapter 14]).

We consider a refinement of the list chromatic index x}(G), which has been
introduced in the master’s thesis of Lotte Paterek [4]. For a natural number
d € N, we define xj,(G) to be the smallest & € N such that G is L-edge-
colorable for every edge-list assignment L with |L(e)| > k for every e € E(G) and
dv,a) :={u € N(v): a € L({u,v})}| < d for every v € V(G) and every color a.
Our main result states that, for any simple graph G, we have x; ,(G) = (1+0(1))d,
where here o(1) is a term that goes to zero as d goes to infinity. Since clearly
Xi(G) = X)a(c)(G), this generalizes the result stated in the first paragraph for
simple graphs.

We briefly discuss the proof of our main result. However, our main focus will
be on presenting several new open problems related to this new graph coloring
parameter.
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Counterexamples
to two conjectures on Venn diagrams

Torsten Miutze

(joint work with Sofia Brenner, Linda Kleist,
Christian Rieck, and Francesco Verciani)

In 1984, Winkler [1] conjectured that every simple Venn diagram with n curves
can be extended to a simple Venn diagram with n + 1 curves. His conjecture
is equivalent to the statement that the dual graph of any simple Venn diagram
has a Hamilton cycle. In this work, we construct counterexamples to Winkler’s
conjecture for all n > 6; see Figure 1. As part of this proof, we computed all
3.430.404 simple Venn diagrams with n = 6 curves (even their number was not
previously known), among which we found 72 counterexamples.
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We also disprove another conjecture about the Hamiltonicity of the (primal) graph
of a Venn diagram. Specifically, while working on Winkler’s conjecture, Pruesse
and Ruskey [2] proved that this graph has a Hamilton cycle for every simple
Venn diagram with n curves, and conjectured that this also holds for non-simple
diagrams. We construct counterexamples to this conjecture for all n > 4.

Figure 1: A counterexample to Winkler’s conjecture for n = 6, namely a simple
6-Venn diagram that cannot be extended to a simple 7-Venn diagram by adding
a suitable curve.
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Edge-uncoverability of cubic graphs

Makuochukwu Felix Oguagbaka
(joint work with Robert Lukotka)

An extension of Petersen’s Perfect Matching Theorem by Schonberger implies
that every bridgeless cubic graph admits a set of perfect matchings covering all
its edges. Berge conjectured that at most five perfect matchings suffice. Cubic
graphs that require at least five perfect matchings to cover their edges are partic-
ularly interesting, as they could serve as counterexamples to famous conjectures,
including the Cycle Double Cover Conjecture. On the other hand, cubic graphs
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whose edges can be covered by four perfect matchings are known to satisfy these
conjectures.

At last year’s Workshop Cycles and Colourings, we introduced several invariants
to measure how far a cubic graph is from being coverable by four perfect match-
ings. One of the invariants is the four perfect matching cover defect, defined as
the minimum number of edges of a cubic graph that cannot be covered by four
perfect matchings. In this talk, we review existing results and present our recent
findings on these invariants and their relation to well-known conjectures.

Totally locally irregular colorings of graphs

Alfréd Onderko

(joint work with Anna Flaszczynska,
Aleksandra Gorzkowska, Igor Grzelec, and Mariusz Wozniak)

In 2015, Baudon et at. [1] defined a new problem connected to local irregular-
ity in graphs: they asked whether for every graph G there is a total coloring
c: E(G)UV(G) — {1,2} such that for every edge uv of color ¢(uv) = i the
numbers of elements colored with i from the sets {u} U {uw: w € N(u)} and
{v} U {vw: w € N(v)} are different. Such a coloring is called a totally locally
irregular 2-coloring (TLIR 2-coloring in short). The motivation was the equiva-
lence of the conjecture that every regular graph admits a TLIR 2-coloring and the
1-2 Conjecture [3] for regular graphs. Recently, the 1-2 Conjecture was proved
by Deng and Qiu for regular graphs [2]. We utilize their construction and prove
that every subcubic graph has a TLIR 2-coloring. Furthermore, we show that
every cactus graph has a TLIR 2-coloring. These two classes are interesting when
considering the local irregularity of graphs, as the only graphs that do not have
a locally irregular edge coloring [1] (the original problem of locally irregular col-
orings) are special subcubic cacti. In addition to these results, we provide upper
bounds on the minimum number of colors required for a TLIR coloring in the
case of general graphs, using chromatic number and star arboricity. In particular,
this yields relatively small upper bounds in the case of outerplanar and planar
graphs, which improves the bounds implied by the results on locally irregular
edge colorings of the graphs from these classes.
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List extensions of majority edge colourings

Pawel Pekala
(joint work with Jakub Przybyto)

A majority edge colouring of a graph G is a colouring of the edges of G such that
for each vertex v of G, at most half the edges incident with v have the same colour.
More generally, for a natural number k > 2, a 1/k-majority edge-colouring of a
graph is a colouring of the edges of GG such that for every colour ¢ and every vertex
v of G at most 1/k of the edges incident with v have the colour ¢. This notion
was introduced in 2023 by Bock, Kalinowski, Pardey, Pilsniak, Rautenbach and
Wozniak [1].

We investigate possible list extensions of generalised majority edge colourings.
In particular, given a graph G, a list assignment L and a majority tolerance
a € (0,1), an a-majority L-colouring of G is a colouring w : E — C from the
given lists such that for every v € V and each ¢ € C', the number of edges coloured
¢ which are incident with v does not exceed « - d(v). We discuss some restric-
tions necessary to extend this notion to a more general setting with diversified
a = afc) majority tolerances for distinct colours ¢ € C. In particular, for any
list assignment L : F — 2¢ with 37 ;. a(c) > 1+ ¢ and |L(e)| < ¢ for each
edge e, we show that there exists an a-majority L-colouring of GG, provided that

i(G) = 9(625‘2).
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On a conjecture of Faudree and Schelp

Michiel Provoost

(joint work with Jan Goedgebeur, Jorik Jooken, and Carol T. Zamfirescu)

In 1976 Faudree and Schelp [2] conjectured that in a hamiltonian-connected
graph G on n vertices for any two distinct vertices x,y € V(G), for any length
k with n/2 < k < n — 1 there exists a path of length k& between = and y. In
1978 Thomassen [1] discovered a (non-planar) family of counterexamples to this
conjecture, showing that there exist hamiltonian-connected n-vertex graphs con-
taining two vertices with no path of length n — 2 between them. His smallest
counterexample has order 27.
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Using computational methods we discovered a family of cubic planar counterex-
amples of 16 + 6k vertices for every k > 0 that are hamiltonian-connected and
have a pair of vertices having no paths of lengths {3,5,7,...,9 + 4k} between
them. Thus we have found a family with a pair of vertices missing a linear num-
ber of path lengths (in the order of the graph) within the interval conjectured by
Faudree and Schelp.
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On colourings and Alon-Tarsi number
of hypergraphs

Jakub Przybylo

(joint work with Marcin Anholcer, Bartlomiej Bosek, Grzegorz Gutowski,
Michat Lason, Oriol Serra, Michal Tuczyniski, Lluis Vena, and Mariusz Zajac)

Given a hypergraph H = (V, E), let us associate with each edge e € E a linear
expression with non-zero coefficients whose variables correspond to the vertices
of e. Let py denote the product of all such linear expressions over the edges of H.
Our primary objective was to investigate the relationship between the Alon—Tarsi
number of py, AT (py), and the edge density of H, ed(H).

We observed that AT (py) = [ed(H)] + 1 when all coefficients in py are equal to
1. Our main result implies that, regardless of the choice of coefficients, if these
are not uniform in any edge, they can always be rearranged within the edges so
that, for the resulting polynomial p/;, the inequality

AT(ply) <2[ed(H)] +1

holds. We moreover conjecture that such a rearrangement of coefficients is, in
fact, unnecessary.

Both our results and our conjecture have several implications, particularly those
related to list colourings of hypergraphs, but also a number of less obvious ones.
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Generation of uniquely 3-edge-colourable graphs

Jozef Rajnik
(joint work with Nadiya Balanchuk and Edita Macajovd)

A graph is uniquely k-edge-colourable if it admits only one k-edge-colouring up
to a permutation of colours. For k > 3, each such graph is isomorphic to the
star K. The missing characterisation of uniquely 3-edge-colourable (USEC)
graphs provides an interesting open problem that is also related to a smallest
counterexample to the Cycle double cover conjecture. Except K3, each USEC
graph needs to be cubic. Each known U3EC cubic graph can be obtained by
a repeated 3-join starting from Ky or the generalised Petersen graph PG(9,2) of
order 18. The latter one is the only known example with cyclic connectivity 5,
while all the other known examples have cyclic connectivity 4.

In this talk, we will question the existence of other U3SEC cubic graphs. We will
present two algorithms for the generation of USEC cubic graphs, one general and
one for graphs with cyclic edge-connectivity 4. Employing these algorithms, we
verified that there is no USEC graph with cyclic edge-connectivity 4 and order
at most 28.

Cyclic edge-connectivity
of junctions of multipoles

Erik Rehulka
(joint work with Jozef Rajnik)

Cyclic edge-connectivity is an interesting property of cubic graphs, that has
proven to be significant in graph theory. Research has shown, that high cyclic
edge-connectivity correlates with certain structural properties of cubic graphs,
and notably, smallest potential counterexamples to several open problems need
to have high cyclic edge-connectivity. However, theoretical tools for determining
cyclic edge-connectivity remain limited. In this work, we study cubic graphs built
from smaller building blocks, for which we employ the concept of multipoles [1],
and demonstrate how we can determine the cyclic edge- connectivity of the re-
sulting graph, by imposing certain conditions on these blocks. Our developed
tools provide a framework for proving that particular constructions achieve de-
sired cyclic edge-connectivity.
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HIST-critical graphs
and Malkevitch’s conjecture

Jarne Renders

(joint work with Jan Goedgebeur, Kenta Noguchi, and Carol T. Zamfirescu)

In a given graph, a homeomorphically irreducible spanning tree (HIST) is a span-
ning tree without 2-valent vertices. They are antithetical to hamiltonian cycles
in the sense that they are connected spanning subgraphs in which no vertex has
degree 2. Motivated by developing a better understanding of HIST-free graphs,
i.e. graphs that do not contain a HIST and mirroring the study of hypohamil-
tonian graphs, we study HIST-critical graphs. These are HIST-free graphs in
which every vertex-deleted subgraph does contain a HIST. Using a combination
of theoretical and computer-based methods, we give an almost complete charac-
terisation of the orders for which HIST-critical graphs exist and present infinite
families of planar examples in which nearly all vertices are 4-valent. (See the
left-hand side of Figure 2.)

Malkevitch [1] conjectured in 1979 that all 4-connected planar graphs have a
HIST, mirroring Tutte’s famous result on hamiltonian cycles. We computation-
ally verify Malkevitch’s conjecture up to order 22, enumerate the number of HIST's
in antiprisms, a family of planar 4-connected graphs with few HISTs (see the
right- hand side of Figure 2) and confirm Malkevitch’s conjecture for the family
of line graphs of cyclically 4-edge-connected cubic graphs.

]
i
]
=

Figure 2: Left-hand side: A family of HIST-critical planar graphs with few
cubic vertices. Right-hand side: The family of antiprism graphs.
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Independent mutual-visibility coloring

Babak Samadi

(joint work with Bostjan Bresar, Iztok Peterin, and Ismael G. Yero)

Given a graph G, a subset M C V(@) is a mutual-visibility (MV) set if for
every u,v € M, there exists a u,v-geodesic whose internal vertices are not in
M (]2]). We investigate proper vertex colorings of graphs whose color classes
are mutual-visibility sets. The main concepts that arise in this investigation are
independent mutual-visibility (IMV) sets and vertex partitions into these sets
(IMV colorings). The IMV number y; and the IMV chromatic number y,, are
defined as maximum and minimum cardinality taken over all IMV sets and IMV
colorings, respectively. Along the way, we also continue with the study of MV
chromatic number y, (as the smallest number of sets in a vertex partition into
MYV sets), which was initiated in [3].

We establish a close connection between the (I)MV chromatic numbers of subdivi-
sions of complete graphs and Ramsey numbers R(4%;2). From the computational
point of view, we prove that the problems of computing ¥, is NP-complete, and
that it is NP-hard to decide whether a graph G satisfies 1;(G) = a(G), even for
graphs with diameter 4, where a(G) is the independence number of G (this is the
completion of the statements 1;(G) < a(G) for any graph G and p;(G) = a(G)
for any graph G with diam(G) < 3 given in [1]).

Tight bounds on x,,, x, and p;, as well as, exact values/formulas for these pa-
rameters in some classical families of graphs are given. In particular, we prove
that x,,(T") = x.(T') holds for any tree 1" of order at least 3, and determine their
exact formulas in the case of lexicographic product graphs. Finally, we give tight
bounds on the (I)MV chromatic numbers for the Cartesian product graphs, which
lead to exact values in some important families of product graphs.
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Random embeddings of graphs

Robert Samal

(joint work with Jesse Campion Loth, Babak Ghanbari, Kevin Halasz,
Radek Husek, Tom4as Masarik, Bojan Mohar, and Matéj Prokopic)

A combinatorial embedding of a graph G is given as a tuple (7, A), where m =
(Ty)vev(c) is a collection of local rotations: m, is a cyclic ordering (permutation
with one cycle) of edges incident with v. Further, A\ = (A¢)cer(c) is a collection
of signs on edges: A\, = 1 is a typical “planar” edge, while A\, = —1 is an edge
going through a crosscap, that makes a “twist” between left and right side of the
face. See [4] for details.

A random embedding, introduced by Stahl [5], is given by choosing uniformly at
random 7, from all unicyclic permutations, with all choices independent. We let
Ae = 1 for all edges in the orientable case; in an nonorientable random embedding
we add to this a random choice of A\, € {£1} for each e € E(G).

We will discuss results about random graph embeddings obtained in the past
years by the speaker and his collaborators [1, 2, 3, 6]. In particular, we will pro-
vide bounds on the expected number of faces and estimates of the probability
that an edge is singular (a loop of the dual).
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3-colourability, diamonds and butterflies

Ingo Schiermeyer
(joint work with Nadzieja Hodur, Monika Pil$niak, and Magdalena Prorok)

The 3-colourability problem is an NP-complete problem which remains NP-comp-
lete for graphs with maximum degree four, for claw-free graphs, and even for
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(claw, diamond)-free graphs. In this talk we will consider induced subgraphs,
among them are the claw (K 3), the diamond (the graph Ky — e), the butterfly
(two triangles sharing a vertex), and the generalized net N, (a triangle with
three attached paths with 4, j, k edges).

Our main result is a complete characterization of all 3-colourable (claw, diamond,
H)-free graphs for H € {Ny11, N11.2, N122, Naoo}. We will present a description
of all non 3-colourable (claw, diamond, H )-free graphs for H € {Ny11, N112, N122,
N30} in terms of butterflies. Moreover, we will show extensions of this charac-
terization to larger graph classes.

REFERENCES

[1] B. Randerath, I. Schiermeyer, Vertex colouring and forbidden subgraphs —
a survey, Graphs Combin. 20 (2004), 1-40.

[2] 1. Schiermeyer, B. Randerath, Polynomial y-binding functions and forbidden
induced subgraphs: A survey, Graphs Combin. 35 (2019), 1-31.

Are there any permutation snarks
of order 6 (mod 8)?

Martin Skoviera
(joint work with Edita Macajovéd)

A permutation snark is a cubic graph that has a 2-factor consisting of two chord-
less cycles and is not 3-edge-colourable. The order of every permutation snark
is twice an odd number and thus an integer congruent to either 2 or 6 (mod 8).
While there exist infinitely many permutation snarks whose orders cover all the
integers congruent to 2 (mod 8), no permutation snarks of order 6 (mod 8) are
known. Exhaustive computer searches (Brinkmann et al. [1] and Goedgebeur
and Renders [2]) have revealed that if such a permutation snark exists, then its
order must be at least 54. Brinkmann et al. [1] also asked whether all permuta-
tion snarks have order 2 (mod 8). Several researchers have attempted answering
this question, with no success. In this talk we link the existence of permutation
snarks of order 6 (mod 8) to the existence of non-critical permutations snarks,
which are also unknown. Our main result states that if there exists a non-critical
permutation snark, then there is also one on 6 (mod 8) vertices.
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Defective vertex coloring of toroidal graphs

Diana Svecova

(joint work with Maria Macekovd and Roman Soték)

Improper vertex coloring is such an assignment of colors to the vertices of a graph
where adjacent vertices do not necessarily receive distinct colors. We say a graph
G is (dy,. .., dy)-colorable if its vertices can be partitioned into k sets Vi, ..., Vj
such that A((V;)g) < d;yi € {1,...,k}. We call this coloring defective, the
number d; is called the defect of the color 7.

While there are many results about such colorings for the class of planar graphs,
not much is known about improper colorings of graphs embeddable on other sur-
faces. We focus on defective coloring of graphs embeddable on torus. In the
talk, we will give a brief overview of known results and present the contribution
our research has brought. Specifically, we will give tight upper bounds for color
defects when using k colors, k € {4,5,6}. We will sketch the proof demonstrating
that toroidal graphs admit a (0,0, 0, 3)-coloring.

Nordhaus—Gaddum-type theorems for many
subgraphs: Maximum average degree and more

Zsolt Tuza

(joint work with Yair Caro)

The classical theorem of Nordhaus and Gaddum [1] states that if G is a graph
of order n, then the chromatic number of G' and of its complement G satisfy the
inequalities 2,/n < x(G)+x(G) < n+landn < x(G)-x(G) < (n+1)%/4. Let now
k be any integer in the range 2 < k < (g) We consider edge decompositions of
the complete graph K, into k£ mutually edge-disjoint subgraphs G1,...,Gy; i.e.,
E(G1)U---U E(Gy) = E(K,). Denoting by Mad(G) := max {2|E(H)|/|V(H)] :
H C G} the maximum average degree of graph G, we study the behavior of

k
M(k,n) = Joax, ; Mad(G;) .
We prove a general formula for M (k,n) which is asymptotically tight as k grows,
and it is even exact in many cases. The obtained bounds provide strong es-
timates for the analogous problems on clique number, chromatic number, list
coloring (choice) number, and Szekeres-Wilf (coloring) number, as well as on
maximum local vertex- and edge-connectivity. For instance, already for not too
small k, the exponential error term in the known bound n + 7% concerning chro-
matic number [2] can be replaced with a formula which is asymptotically optimal.
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Oriented Berge—Fulkerson conjecture
and unit vector flows on S?

Nikolay Ulyanov

O\ 1,109

We study 2 constructions from the world of cubic bridgeless graphs.

The Berge-Fulkerson conjecture [1] states that every bridgeless cubic graph can
be covered with six perfect matchings such that each edge is covered exactly
twice. An equivalent reformulation is that it’s possible to find six 2-factors that
cover each edge 4 times. Our main contribution is the introduction of the oriented
version of this construction. We prove the existence of the construction for Isaacs
flower snarks. We also construct an orientable surface, with faces corresponding
to cycles of the 4-cover. In the case when the surface has no boundary, we prove
that we can also build an orientable cycle double cover (with 6 cycles). In another
case, when we can build a nowhere-zero 5-flow by summing cycles with weights

(O, 0, %, %, —%, —%), we find a cycle double cover with 5 cycles.

We also study two unit vector flows conjectures, proposed by K. Jain [2]. Second
conjecture asserts an existence of a nowhere-zero 5-flow on a whole unit sphere
5?2, for which we find several counterexamples. The first conjecture asserts that
we can map edges of bridgeless graphs into the unit sphere S2. Here we build
various nowhere-zero 5-flow subsets of S? suitable for some of the snarks. Finally,
we show that a specific S? subset is related to a an almost strong Petersen colour-
ing, which is a relaxed version of the strong Petersen colouring, which empirically
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exists for a large proportion of snarks, and implies both oriented Berge—Fulkerson
and oriented 5-cycle double cover conjectures.
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Computational methods
for finding bi-regular cages

Tibo Van den Eede
(joint work with Jan Goedgebeur and Jorik Jooken)

The cage problem is a renowned problem in extremal graph theory, asking for
(r, g)-graphs of minimum order. An (r, g)-graph is an r-regular graph of girth g.
An (r, g)-graph of minimum order is called an (r, g)-cage, or simply a cage, and its
order is denoted by n(r, g). Figure 3 illustrates the only (3,6)-cage, also known
as the Heawood graph. Since this cage has 14 vertices, n(3,6) is equal to 14.

Figure 3: The Heawood graph.

It is known that (r, g)-graphs exist for every integer r > 2 and g > 3 [1], but the
exact values of n(r, g), and the corresponding cages, have only been determined
for a limited set of (r, g) pairs. For the remaining cases, there are lower and upper
bounds that have been progressively tightened over the years.

Due to the difficulty of the problem, researchers started to investigate variants
of (r,g)-cages in the hope of gaining new insights. One such variant is the
({r,m}; g)-cage, also denoted as the bi-reqular cage. An ({r,m};g)-cage is a
graph of minimum order with girth g and vertices of degree r and m, where
r<m.

Although computer-assisted methods have driven significant progress for regular
cages, they have been far less exploited in the bi-regular setting. In this talk,
we address this gap by presenting three computational methods. As a result, we
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produce, previously unknown, exhaustive lists of bi-regular cages for 24 triples
(r,m,g) and improve lower and upper bounds for 122 triples.
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